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Abstract

Supersonic flow of Bose–Einstein condensate past macroscopic obstacles is studied theoretically. It is shown that in the case of larg
the Cherenkov cone transforms into a stationary spatial shock wave which consists of a number of spatial dark solitons. Analytica
developed for the case of obstacles having a form of a slender body. This theory explains qualitatively the properties of such shocks o
recent experiments on nonlinear dynamics of condensates of dilute alkali gases.
 2005 Elsevier B.V. All rights reserved.
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In usual compressible fluid dynamics, there are two typ
situations when shock waves can be generated. The firs
is connected with breaking of a nonlinear wave and the
ond with a supersonic flow past a body (see, e.g.,[1–3]). In a
viscous fluid, the shock wave can be represented as a narro
gion within which strong dissipation processes take place
the thermodynamic and hydrodynamic parameters of the
undergo sharp change. If viscosity is negligibly small compa
with dispersion effects, the shock discontinuity is resolved
an expanding region filled with nonlinear oscillations. A
markable feature of such a “dispersive shock” is generatio
solitons at one of its boundaries so that the whole structure
often be asymptotically represented as a “soliton train”.
theory of dispersive shocks based on the Whitham nonli
modulation theory was developed for media described by
Korteweg–de Vries (KdV) equation as for the wave break
case[4], so for the flow past a slender body[5]. In the latter case
the “soliton train” represents a “fan” of oblique spatial solito
spreading downstream from the pointed part of the body.

After experimental discovery of the Bose–Einstein cond
sate (BEC)[6–8], it was found that its dynamics is describ
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very well by the Gross–Pitaevskii (GP) equation (see, e.g.,[9])

(1)ih̄
∂ψ

∂t
= − h̄2

2m
�ψ + U(r)ψ + g|ψ |2ψ,

whereψ(r) is the order parameter (“condensate wave fu
tion”), U(r) is the potential which confines atoms of Bose g
in a trap, andg is an effective coupling constant arising due
inter-atomic collisions with thes-wave scattering lengthas ,

(2)g = 4πh̄2as/m,

m being the atomic mass. The GP equation(1) combines the
dispersive and nonlinear effects, and the corresponding pro
ties of BEC dynamics have been investigated in a numbe
papers (see for review, e.g.,[9]). In particular, ifg > 0, then ex-
istence of dispersive shocks can be expected, their theory
developed in[10,11] and they were observed in a recent e
periment[12]. Although in the experiment[12] the shock flow
was strongly disturbed by vortices arising due to rotation of
condensate, we were informed[13] about unpublished resul
of experiments on shocks in non-rotating BEC, and these
sults agree qualitatively with the theory[10]. In experiments
[12,13], the shocks were generated by sharp push of cylind
BEC from its axis by a laser beam propagating along the a
After breaking of a cylindrical nonlinear wave the dispers
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shock occurs which consists of a train of concentric cylindr
solitons.

Besides the experiments on generation of shocks after w
breaking of BECs flow, in[13] the experiments were performe
on BECs flow past an obstacle after release of BEC from
confining potential. The problem of superflow past a body
been studied intensively in connection with a problem of c
cal velocityvc above which superfluidity disappears (see, e
[14,15]). It was found that superfluidity is lost due to gene
tion of vortex rings behind an obstacle which gives the estim
of critical velocity

(3)vc ∼ h̄

dm
ln

(
d

ξ

)
,

whereξ = h̄/
√

2mn0g is the healing length (i.e., “vortex cor
size”), d is the size of obstacle in transverse direction, andn0
is the density of atoms in the condensate far from the obst
For large obstacles withd � ξ this estimate gives the critica
velocity much less than the sound velocity

(4)cs = h̄/
√

2mξ.

This transition to dissipative behaviour in quantum fluids
scribed by the GP equation(1) was confirmed by numerica
study[16–18]where it was found that indeed vortices are g
erated at velocities above the critical one about∼ 0.45cs for
d = 10ξ .

Since the radius of vortex rings (or distance between
tices in pairs in two dimensions) is about the obstacle sizd ,
this mechanism of vortices emission becomes ineffective
d ∼ ξ , and for such small bodies (“impurities”) the critical v
locity arises due to Cherenkov emission of sound waves
coincides, hence, with the sound velocitycs [19]. Obviously,
emission of waves in a supersonic flow past an obstacle
mains effective also for large obstacles withd � ξ , but in this
case emitted waves are not linear sound waves and, inste
a Cherenkov cone, we arrive at the mentioned above dis
sive shock consisting of oblique spatial solitons. Actually, th
shock waves have been observed in the experiment[13] where
the wave pattern consists of a series of distinct oblique tr
which cannot be attributed to a linear Cherenkov radiation
plying appearance of a single cone but can be explaine
generation of supersonic spatial solitons in the flow simila
those predicted by the KdV dynamics in[3,5]. An easy estimate
shows that, after long enough time of expansion, the velocit
the flow past a body is much greater than the local sound
locity in BEC near this body. Indeed, the flow velocityu in a
free expansion has the order of magnitude of the sound ve
ity at the center of BEC before its release and it is known
the sound speed in BEC is proportional to the square roo
density. Since for the expansion timet � ω−1

⊥ (ω⊥ is the radial
trap frequency before expansion) the density is proportion
t−2 (see, e.g.,[20]), we find that the ratio of the expansion flo
velocity to the local sound speed, i.e., the Mach numberM , is
about

(5)M ∼ ω⊥t � 1
l

e

e
s

,

e

e.

-

-

r

d

-

of
r-

e

s
-
y

f
-

c-
t
f

o

for t � ω−1
⊥ . This corresponds approximately to conditions

the experiment[13] where formation of a “fan” of spatial soli
tons was observed. Motivated by the results of this experim
and above physical argumentation, we shall develop here
theory of hypersonic spatial dispersive shocks on the bas
the GP equation(1).

In accordance with the experiment[12,13], we consider a
two-dimensional flow of the condensate, so that the cond
sate wave functionψ depends on only two spatial coordinat
r = (x, y). To simplify the theory, we assume that the char
teristic size of the body is much less than its distance from
center of the trap, so that incoming flow can be considere
uniform with constant densityn0 of atoms and constant velo
ity u0 directed parallel tox axis. It is convenient to transform
Eq.(1) to a “hydrodynamic” form by means of the substitutio

(6)ψ(r, t) = √
n(r, t) exp

(
i

h̄

r∫
u(r′, t) dr′

)
,

wheren(r, t) is density of atoms in BEC andu(r, t) denotes
its velocity field, and to introduce dimensionless variablesx̃ =
x/

√
2ξ , ỹ = y/

√
2ξ , t̃ = (cs/2

√
2ξ)t , ñ = n/n0, ũ = u/cs ,

where numerical constants are introduced for future co
nience. As a result of this transformation we obtain the sys
(we omit tildes for convenience of the notation)

1

2
nt + ∇(nu) = 0,

(7)
1

2
ut + (u∇)u + ∇n + ∇

[
(∇n)2

8n2
− �n

4n

]
= 0

(where∇ = (∂x, ∂y)) which should be solved with the bounda
conditions

(8)n = 1, u = (M,0) atx → −∞
for incoming flow and

(9)u · N
∣∣
S

= 0

at the body surfaceS, whereN denotes a unit vector of oute
normal to the surfaceS. Under our assumption that the size
the body is much less than the distance from the center o
cylindrically symmetrical flow, the characteristics of the flo
near the body change with the time very slowly, so that the a
ing wave pattern can be considered as quasi-stationary. H
we can confine ourselves to the steady solutions of our prob
(7)–(9)and replace Eqs.(7) by their stationary versions for two
dimensional stationary velocity fieldu = (u(x, y), v(x, y)):

(nu)x + (nv)y = 0,

uux + vuy + nx +
(

n2
x + n2

y

8n2
− nxx + nyy

4n

)
x

= 0,

(10)uvx + vvy + ny +
(

n2
x + n2

y

8n2
− nxx + nyy

4n

)
y

= 0.

If the body is symmetric with respect tox axis and the form o
its boundary is given byy = ±F(x), F(0) = 0, F(L) = 0, L

being the longitudinal size of the body in dimensionless un
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then we can confine ourselves to consideration of only the u
half-planey > 0, so thatN ∝ (F ′(x),−1), and the boundary
conditions(8), (9)are transformed to

(11)n = 1, u = M, v = 0 atx → −∞,

(12)v = uF ′(x) aty = F(x).

The system(10)–(12) is still too complicated for analytica
treatment. However, the flow is supposed to be supersonic
(5)) which allows us to asymptotically transform Eqs.(10)–(12)
to a much simpler problem of 1D “unsteady” flow alongy axis
with the scaledx coordinate playing the role of “time”[21]. To
this end, we substitute into Eqs.(10)new variables

(13)u = M + u1 + O(1/M), T = x

2M
, Y = y,

assumingM−1 � 1. Then to leading order we obtain

1

2
nT + (nv)Y = 0,

(14)
1

2
vT + vvY + nY +

(
n2

Y

8n2
− nYY

4n

)
Y

= 0,

(15)
1

2
u1T + vu1Y = 0.

Eqs.(14) represent the hydrodynamic form of 1D defocus
nonlinear Schrödinger (NLS) equation

(16)iΨT + ΨYY − 2|Ψ |2Ψ = 0

for a complex field variable

(17)Ψ = √
nexp

(
i

Y∫
v(Y ′, T ) dY ′

)
,

and we can apply well-known methods to their study. Ifn andv

are found from system(14), then the correctionu1 to thex com-
ponent of velocity can be calculated with the use of Eq.(15).
It is remarkable that in the case of a slender body, for wh
Mα � 1 whereα = max|F ′(x)|, the boundary condition(12)
reduces (to leading order inM−1) to

(18)v = vp = 1

2

df

dT
atY = f (T ),

wheref (T ) = F(2MT ), and it does not contain theu-variable
in this approximation.

Thus, we have reduced the problem of flow past a sle
body to the classical piston problem for 1D flow along a tu
with a piston moving according to the law(18). In contrast to
the classical gas dynamics, the piston problem is now p
for a dispersive equations(14) and its full analytic treatmen
is technically quite involved (see the analogous theory for
KdV equation case in[5]). However, in the region far enoug
from the body where the shock develops into a “fan” of spa
solitons well separated from each other one can take adva
of a more simple asymptotic method of Ref.[22]. The(Y,T )-
plane of the auxiliary piston problem can be subdivided i
three distinct regions, seeFig. 1. Generally, forY > f (T ), the
“gas” is put into motion by the “piston” moving according
er

ee

r

d

e

l
ge

Fig. 1. (Y,T )-plane of the piston problem (Y > 0) and the equivalent initia
dataλ+(Y ) (Y < 0). Dashed line: the “piston” trajectoryY = f (T ).

Eq. (18) and in the region I near the “piston” the gas moti
can be described by the dispersionless limit

(19)
1

2
nT + (nv)Y = 0,

1

2
vT + vvT + nY = 0

of Eqs.(14). But formal solution of the dispersionless equatio
cannot be extended to the whole(Y,T )-plane because theY -
derivatives blow up along some line in this plane. Hence, h
we have to take into account the dispersion effects which
to formation of the region II filled with nonlinear oscillations—
a dispersive shock. Close to its boundaryY = Y1(T ) facing the
“piston” the oscillations tend to a train of dark solitons of t
NLS equation(16), and at the opposite boundaryY = Y2(T )

the amplitude of oscillations tends to zero which correspond
a linear “sound” wave propagating into the undisturbed reg
III with Y > Y2(T ). For T � L/M the whole structure can b
asymptotically represented as a soliton train[5]. Thus, in the
case of a macroscopic obstacle with characteristic size m
greater than the healing lengthξ the Cherenkov cone “unfolds
into a “fan” of solitons.

The outlined nonlinear dispersive flow is described m
conveniently in terms of the Riemann invariants (see, e
[22,23]). In the regions I and III of the smooth flow these a
the Riemann invariants of the dispersionless system(19)

(20)λ± = 1

2
v ± √

n,

which satisfy the equations

(21)
∂λ±
∂T

+ V±(λ+, λ−)
∂λ±
∂Y

= 0,

where the characteristic velocities are

(22)V+ = 3λ+ + λ−, V− = 3λ− + λ+.

In the dispersive shock region II, there are four Riemann
variantsλi , i = 1,2,3,4, which parameterize the modulat
periodic solution of the full system(14), and obey the corre
sponding Whitham modulation equations[24]

(23)
∂λi

∂T
+ Vi(λ1, λ2, λ3, λ4)

∂λi

∂Y
= 0, i = 1,2,3,4.

For the case of the defocusing NLS equation the characte
velocitiesVi(λ1, . . . , λ4) represent certain combinations of t
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complete elliptic integrals of the first and the second kind[25]
(see also[22,23]). We do not need the concrete expressions
them here.

The dispersionless Riemann invariants(20) are constan
along the corresponding families of characteristics of the
tem (19) and they must satisfy the matching conditions w
two of the Riemann invariantsλi of the Whitham equations(23)
along the linesY = Y1,2(T ), which represent (free) boundari
of the dispersive shock (see[26,27] for a detailed description
of the matching problem for the solutions of systems(21) and
(23)).

In the undisturbed region III, wherev = 0, n = 1, both Rie-
mann invariants(20) are constant:λ± = ±1. According to the
well-known argumentation about the flow adjacent to a s
ple wave (see[1, Section 104]), one of the Riemann invari
antsλi , i = 1,2,3,4, which matches with, say,λ− (for sake
of definiteness we assume that it isλ4) must also be constan
in the whole region II:λ4 = λ− = −1 in II. On the other
hand, the gas motion in the region I produced by the “p
ton” is described by a simple wave solution of Eqs.(19) (see
[1, Section 101]) again with one Riemann invariant consta
everywhere in I. It must match withλ4 along the characteristi
line Y = Y1(T ) so thatλ− = λ4 = −1 in the whole(Y,T )-
plane including the trajectory of the “piston”. Hence, we ha
at the “piston”vp/2 − √

np = −1 which yields the gas den
sity, np = (vp + 2)2/4, and, consequently, the values of bo
Riemann invariants:

(24)λ
p
− = −1, λ

p
+ = 1

2

df

dT
+ 1 atY = f (T ).

To use the method of Ref.[22], we have to transform thes
boundary conditions at the “piston” to the equivalent initial co
ditions atT = 0,Y < 0 (seeFig. 1). This problem for the system
(19)can be easily solved using characteristics. Indeed, we
λ− = −1, hence,λ+ obeys the simple wave equation followin
from (21) (see, e.g.,[22])

(25)
∂λ+
∂T

+ (3λ+ − 1)
∂λ+
∂Y

= 0,

whose general solution is

(26)Y = (3λ+ − 1)T + Ȳ (λ+).

The functionȲ (λ+) must be chosen so that the condition(24)
is satisfied. This gives at once

(27)Ȳ (λ+) = f (τ) − (3λ+ − 1)τ,

whereτ is determined implicitly by the equationλ+ = 1
2f ′(τ )

+ 1. Thus, we arrive at a parametric form of the equivalent
tial distribution of the Riemann invariantλ+:

(28)λ+ = 1

2
f ′(τ ) + 1, Y = f (τ) −

(
3

2
f ′(τ ) + 2

)
τ.

Now we can use the asymptotic method of Ref.[22] accord-
ing to which the initial pulse evolves eventually into the solit
train where each soliton is parameterized by the eigenvaluλk
r

-

-

-

e

Fig. 2. The plot ofλ+ as a function ofY . Dashed lines labeled byλ0, λ1, λ2,
etc., denote the levels corresponding to these eigenvalues,Y2l andY2r illustrate
positions of the left and right turning points corresponding to the eigenvaluλ2
in this instance.

of the generalized Bohr–Sommerfeld quantization rule∮ √
(λk − λ+)(λk − λ−) dY = 2π

(
k + 1

2

)
,

(29)k = 0,1, . . . ,K,

where in our caseλ+(Y ) is given by Eq.(28), λ− = −1, and
the integration is taken over the cycle around two turning po
where the integrand functions vanishes. Returning to the sp
coordinates(13), we find the profile of theλk-soliton in the train
as (see[22])

(30)nk(x, y) = 1− 1− λ2
k

cosh2
[√

1− λ2
k

(
y − λk

M
x
)] ,

that is the “fan” of spatial dark solitons in the shock is made
soliton “feathers” lying along the lines

(31)y = λk

M
x, k = 0,1, . . . ,K,

in the upper half-plane and symmetric “fan” of solitons is g
erated in the lower half-plane.

Let us illustrate this theory by an example of a body wit
parabolic profile

(32)y = F(x) = αx(L − x)

(2M)2
, 0� x � L,

or

(33)Y = αT (T0 − T ), 0� T � T0,

whereT0 = L/2M , so that the initial condition(28) takes the
form

(34)λ+ = 1

2
α(T0 − 2τ) + 1, Y = τ

(
2ατ − αT0

2
− 2

)
,

for 0 � τ � T0, that is in the interval−T0(2 − 3αT0/2) �
Y � 0, andλ+ = 1 outside this interval; seeFig. 2. Its part
with λ+ > 1 evolves into non-solitonic wave which does n
give any contribution into the shock. However, its “well” pa
λ+ < 1 leads to the bound states in the spectral problem(29)
and, hence, to the train of spatial solitons(30) generated in the
shock. Integral in(29)is calculated in a closed form which give
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Fig. 3. The pattern of dispersive shocks generated by a supersonic flow
slender body (black cigar-shaped figure). The oblique lines represent the
of dark solitons in the(x, y)-plane. All dimensions are measured in units√

2ξ .

the equation

4
√

2

15πα

(
1+ 4λk − 27

4
αT0

)(
1

2
αT0 − 1+ λk

)3/2

= k + 1

2
,

(35)k = 0,1, . . . ,K,

and its rootsλk must lie in the interval 1−αT0/2< λk < 1. The
greatest rootλK has a value close to unity so that the numbe
solitons in the shock is given approximately by(35) with λk =
1, k = K . To transform this estimate to dimensional variab
we takel = √

2ξL = 2
√

2ξMT0 as a longitudinal size of th
obstacle,d = 2

√
2ξf (T0/2) = √

2ξαT 2
0 as its transverse siz

and obtain

(36)K ∼= 1

3π

(
1− 27

10

Md

l

)√
ld

Mξ2
.

Although this formula is derived for a slender body, we c
use it as a rough estimate of a number of solitons in the sh
generated in the supersonic flow past an obstacle:

(37)K ∼= const·
(

ld

Mξ2

)1/2

,

where K must be much greater than unity. The most sh
low dark soliton lies near the Cherenkov cone with angleθ ∼=
1/M = cs/u0 with respect to the direction of the flow. The r
sulting pattern is shown inFig. 3.

In conclusion, we have developed the theory of spatial
persive shock waves generated by a flow of Bose–Einstein
densate past a slender body. The theory predicts formation
series of oblique spatial solitons in the flow and explains qu
tatively the shock patterns observed in the experiment[13].
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In the Letter, the dispersive shock zone in Fig. 1 on p. 194 and the fan of dark solitons in Fig. 3 on p. 196 are both shown as
spreading from the front edge of the body. The Fig. 1 is, however, incomplete: actually there are two dispersive shocks which form

Fig. 1. (Y,T )-plane of the piston problem (Y > 0) and the equivalent initial data λ+(Y,0) (Y < 0) for the Riemann invariant. The shaded area marks a “soliton” part
of the initial profile. Dashed line: the “piston” trajectory Y = f (T ). The lines Y ∗

1,2(T ), Y1,2(T ) are the edges of the front and rear dispersive shocks, respectively.
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Fig. 3. The pattern of the “essential” dispersive shock generated by a BEC supersonic flow with M = 5 past a slender body (black cigar-shaped figure). The oblique
lines represent the traces of dark solitons in the (x, y)-plane. All dimensions are measured in units of

√
2ξ .

due to the dispersive resolution of breaking singularities in the flow profile during two different phases of the equivalent piston
motion: forward and reverse. In the original 2D problem this corresponds to the supersonic flow past the front and the rear parts of
the body respectively. The Fig. 1 should then be replaced with the Fig. 1 of the current text.

It is important that it is the rear dispersive shock rather than front one that transforms into a dark soliton fan at large distances
from the body. At the same time, the front wave degenerates into the linear radiation and does not contribute into the asymptotic
picture. This “reversed” pattern of the flow past body in dispersive hydrodynamics compared to that considered in Ref. [5] is due
to the positive sign of dispersion in the system considered (defocusing NLS equation). As a result, Fig. 3 in the Letter should be
replaced with the Fig. 3 of the current text.

Summarizing, all analytical expressions in the Letter remain the same but should be attributed to the rear dispersive shock wave
rather than to the front one, which is a transient phenomenon in the BEC flow past finite body. An extended revision of the Letter
can be found at: http://xxx.lanl.gov/abs/nlin.PS/0504061.
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