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Abstract

Asymptotic soliton trains arising from a ‘large and smooth’ enough initial pulse are investigated by the use of the quasiclas-
sical quantization method for the case of Kaup–Boussinesq shallow water equations. The parameter varying along the soliton
train is determined by the Bohr–Sommerfeld quantization rule which generalizes the usual rule to the case of ‘two potentials’
h0(x) andu0(x) representing initial distributions of height and velocity, respectively. The influence of the initial velocityu0(x)

on the asymptotic stage of the evolution is determined. Excellent agreement of numerical solutions of the Kaup–Boussinesq
equations with predictions of the asymptotic theory is found.
© 2003 Elsevier B.V. All rights reserved.

1. Introduction

In the evolution of an initially large and smooth pulse, it is natural to distinguish two characteristic stages—
formation of a dissipationless shock wave after the wavebreaking point and asymptotic evolution of soliton trains
arising eventually from the initial pulse. Until recently the most attention was paid to the first stage of evolu-
tion. First considered in the seminal paper by Gurevich and Pitaevskii[1] by means of Whitham’s modulation
theory [2], this problem was treated in many papers[3–9] and may be considered as completely solved for the
KdV equation case. It is now being developed for the defocusing NLS equation[10–16], the Toda lattice equa-
tion [17,18], and some other equations. Applications of the Whitham modulation method to such modulation-
ally unstable systems as, for example, the focusing NLS equation is quite complicated and only some particular
results have been obtained in this respect until now[19–27]. An introduction to this subject can be found in
[28].

The problem of asymptotic distribution functions of the soliton parameters may have many applications in soliton
physics, but it has been considered in some detail apparently only for the KdV equation case[2,29,30], where it is
especially simple due to the fact that solitons velocities and their amplitudes are determined by only one parameter,
whose values are equal to the eigenvalues of the Schrödinger spectral problem associated with the KdV equation in
the inverse scattering transform method. As we have pointed out recently[31], a similar approach applies effectively
to many other equations corresponding to the second order spectral problem with an ‘energy-dependent potential’.
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Here we shall study in some detail by this method the Kaup–Boussinesq system describing the shallow water motion
and show that the quasiclassical approach gives a very simple and effective solution of the problem.

2. Soliton solutions of Kaup–Boussinesq system

The Kaup–Boussinesq system[32]:

ht + (hu)x ± 1
4ε

2uxxx = 0, ut + uux + hx = 0, (1)

whereh(x, t) denotes the height of the water surface above a horizontal bottom andu(x, t) denotes its velocity
averaged over depth, describes motion of shallow water in the same approximation as the well-known Boussinesq
equation in the lowest order in small parameters controlling weak dispersion and nonlinearity effects (see, e.g.
[2,33]). The upper sign here corresponds to the case when the gravity force dominates over the capillary one,
and the lower sign corresponds to the opposite case when the capillarity plays the main role. The analytic theory
developed below applies to both cases. In the dispersionless limitε2 → 0 the system(1) transforms into the system
of so-called ‘shallow water equations’ [2,28]. We have written the system(1) in standard dimensionless units. In a
linear approximation the system(1) leads to the following dispersion relation:

ω2 = k2(1 ∓ 1
4ε

2k2), (2)

k andω being wavenumber and frequency of the linear wave, respectively. The parameterε2 controls the dispersion
effects and since for an initially large and smooth pulse these effects are small, we consider the so-called weak
dispersion limitε2 � 1.

The Kaup–Boussinesq system(1) is completely integrable and can be presented as a compatibility condition of
two linear equations[32]:

ε2ψxx = ±[(λ− 1
2u)

2 − h]ψ, (3)

ψt = 1
4uxψ − (λ+ 1

2u)ψx. (4)

This permits one to find its soliton and periodic solutions[32–34], and Whitham’s modulation equations with
application to the theory of dissipationless shock waves, due to decay of an initial step-like discontinuity[33]. Here
we shall consider an asymptotic stage of evolution of an initially localized pulse with ‘large and smooth’ enough
distributions ofh0(x) andu0(x) att = 0 in the above mentioned weak dispersion limitε2 � 1. Now, on the contrary
to the KdV equation case, the soliton solution is not parameterized by a single eigenvalue of the linear problem(3),
and hence we have to develop in some detail the theory of soliton solutions of the Kaup–Boussinesq system(1).

We suppose that the asymptotic stage can be described as soliton trains, that is, modulated periodic solutions of
the system(1). The strictly periodic solution can be obtained by the well-known finite-gap integration method (see,
e.g.[28,33]) in the following way. Letψ+ andψ− be two basis solutions of the second order linear differential
equation (3). Then their product

g = ψ+ψ− (5)

satisfies the third order equation:

ε2gxxx + 2(1
2uux − hx − λux)g+ 4[(λ− 1

2u)
2 − h]gx = 0. (6)

Upon multiplication byg, this equation can be integrated once to give

ε2(1
2ggxx − 1

4g
2
x)+ [(λ− 1

2u)
2 − h]g2 = P(λ), (7)

where the integration constantP(λ) can only depend onλ. The time dependence ofg(x, t) is determined by the
equation:

gt = 1
2ug− (λ+ 1

2u)gx. (8)
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This equation readily gives the relation:(
1

g

)
t

=
(

−λ+ u/2

g

)
x

, (9)

which can be considered as a generating function of an infinite sequence of conservation laws.
The periodic solutions of the system(1) are distinguished by the condition thatP(λ) in (7) be a polynomial inλ.

The one-phase periodic solution, which we are interested in, corresponds to the fourth degree polynomial:

P(λ) =
4∏
i=1

(λ− λi) = λ4 − s1λ
3 + s2λ

2 − s3λ+ s4. (10)

Then we find fromEq. (7)thatg(x, t) is the first-degree polynomial:

g(x, t) = λ− µ(x, t) (11)

andµ(x, t) is connected withu(x, t) andh(x, t) by the relations:

u(x, t) = s1 − 2µ(x, t), h(x, t) = 1
4s

2
1 − s2 − 2µ2 + s1µ, (12)

following from comparison of coefficients ofλi on both sides ofEq. (7). The spectral parameterλ is arbitrary and
on substitution ofλ = µ into Eq. (7)we obtain an equation forµ:

εµx = 2
√

±P(µ),
and a similar substitution intoEq. (8)gives

µt = −(µ+ 1
2u)µx = −1

2s1µx.

Hence,µ(x, t) as well asu(x, t) andh(x, t) depend only on the phase:

θ = x− 1
2s1t (13)

and the dependenceµ(θ) is determined by the equation:

εµθ = 2
√

±P(µ). (14)

For the fourth degree polynomial(10)the solution of this equation is readily expressed in terms of elliptic functions.
Let the zerosλi, i = 1,2,3,4 of the polynomialP(λ) be real and ordered according to the rule:

λ4 < λ3 < λ2 < λ1. (15)

Then the real variableµ oscillates in the interval where the expression under the square root in(14) is positive.
Obviously, this depends on the choice of the sign in the system(1). We shall consider the two possible cases
separately.

2.1. Bright soliton solution

This case corresponds to the upper sign in the system(1) and hence inEq. (14). Thenµ oscillates in the interval:

λ3 ≤ µ ≤ λ2, (16)

whereP(λ) > 0 and soliton solutions correspond to eitherλ4 = λ3, orλ2 = λ1. In the caseλ4 = λ3 easy integration
of (14)with initial conditionµ(0) = λ2 yields

µ+
s (x, t) = λ1 − (λ1 − λ2)(λ1 − λ3)

λ1 − λ2 + (λ2 − λ3)/ cosh2
(√
(λ1 − λ3)(λ2 − λ3)θ/ε

) , (17)
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whereθ = x − (1/2)(λ1 + λ2 + 2λ3) and corresponding distributions ofu(x, t) andh(x, t) can be found by
substitution of(17) into Eq. (12). In particular, atx → ±∞ we get

u|∞ = λ1 + λ2, h|∞ = 1
4(λ1 − λ2)

2. (18)

In a similar way, for the caseλ1 = λ2 we obtain

µ+
s (x, t) = λ4 + (λ1 − λ4)(λ3 − λ4)

λ3 − λ4 − (λ1 − λ3)/ cosh2
(√
(λ1 − λ3)(λ1 − λ4)θ/ε

) , (19)

whereθ = x− (1/2)(2λ1 + λ3 + λ4) and

u|∞ = λ3 + λ4, h|∞ = 1
4(λ3 − λ4)

2. (20)

It is easy to find that these formulas describe bright solitons ofh(x, t) over a constant backgroundh|∞.

2.2. Dark soliton solution

This case corresponds to the lower sign in(1) and (14). Thenµ oscillates in the intervals:

λ4 ≤ λ ≤ λ3 or λ2 ≤ λ ≤ λ1. (21)

In the soliton limitλ2 = λ3, we obtain

µ−
s (x, t) = λ1 − (λ1 − λ2)(λ1 − λ4)

λ1 − λ4 + (λ2 − λ4)/ cosh2
(√
(λ1 − λ2)(λ2 − λ4)θ/ε

) (22)

and

µ−
s (x, t) = λ4 + (λ1 − λ4)(λ2 − λ4)

λ1 − λ4 − (λ1 − λ2)/ cosh2
(√
(λ1 − λ2)(λ2 − λ4)θ/ε

) , (23)

whereθ = x− (1/2)(λ1 + 2λ2 + λ4)t. The corresponding distributions of velocityu(x, t) and heighth(x, t) can be
found again fromEq. (12). In particular, we find

u|∞ = λ1 + λ4, h|∞ = 1
4(λ1 − λ4)

2. (24)

As we see, in each case two of the three parameters are determined by the asymptotic values ofu|∞ andh|∞. We
suppose that they are known from the initial conditionsu0(x) andh0(x) asu0(∞) andh0(∞). Our aim now is to
find values of the third parameter for solitons arising eventually from the ‘large’ pulse with given initial conditions
u0(x) andh0(x). It is worthwhile to note that though soliton solutions of the Kaup–Boussinesq system(1) can be
obtained by elementary methods, only their parametrization in terms ofλi permits one to find these parameters as
eigenvalues of the linearequation (3).

3. Asymptotic stage of evolution

Karpman’s theory[29,30]of asymptotic solution of the KdV equationut + 6uux + ε2uxxx = 0 is based on the
fact that the parameters which characterize the solitons in the train coincide with the eigenvalues of the Schrödinger
spectral problem associated with the KdV equation in the inverse scattering transform method and this spectrum
does not change during the KdV evolution. Hence, it can be calculated from the initial distributionu0(x) = u(x,0).
In the limit of weak dispersionε � 1, the eigenvalues can be calculated with the use of the Bohr–Sommerfeld
quantization rule. Here we shall apply the same method to the Kaup–Boussinesq system connected with the second
order spectral problem with ‘energy-dependent potential’.
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Eigenvaluesλ of Eq. (3)are determined in this approximation by the well-known Bohr–Sommerfeld quantization
rule [35]:

1

ε

∮ √√√√∓
[(
λ− 1

2
u0(x)

)2

− h0(x)

]
dx = 2π

(
n+ 1

2

)
, n = 0,1,2, . . . , N, (25)

where integration is taken over the cycle around two turning point where the integrand function vanishes. Eigenvalues
found in this way are equal to values of the third parameter in soliton solutions, when these solutions are well separated
from each other in the asymptotic soliton train.

The regions of possible values ofλ are determined by the condition that the expression under the square root in
Eq. (25)is positive and has two real turning points. Thus the plots of the ‘potentials’:

r± = 1
2u0(x)±

√
h0(x) (26)

permit one to find approximately (with accepted here quasiclassical accuracy), the maximal and minimal values of
λ. Note thatr± coincide with the Riemann invariants for shallow water equations.

It is instructive to note that the rule(25) corresponds to the quasiclassical quantization of a mechanical system
with the Hamiltonian:

H(p, x) =
(√

p2 + h0(x)+ 1
2u0(x)

)2

, (27)

wherex is a coordinate andp a momentum. At the turning points(26) the momentump vanishes.Eq. (25)states
that the area inside the contourH(p, x) = const. in the phase plane(x, p) can take only half-integer values in units
2πε.

Differentiation ofEq. (25)with respect toλ yields the number of eigenvalues in the interval(λ, λ+ dλ):

dn = f(λ)dλ =
(

1

2πε

∮ ∓(λ− u0(x)/2)√
∓[(λ− (1/2)u0(x))2 − h0(x)]

dx

)
dλ. (28)

The analytic theory can be illustrated by comparison with results of numerical solution of the system(1). To be
definite, we choose in all formulae the lower sign, because in this case the dispersive relation(2) is stable which
simplifies numerical work. As is obvious from above, the analytic theory describes both cases.

Now we specify the initial conditions so thatu0(x) → 0 as|x| → ∞ andh0(∞) ≡ h∞. Then fromEq. (24)we
get

λ1 = −λ4 =
√
h∞ (29)

and hence the soliton solution takes the form:

us(θ) = 2(λ2
1 − λ2

2)

2λ1 cosh2

(√
λ2

1 − λ2
2θ/ε

)
− (λ1 + λ2)

(30)

for the case(22), and

us(θ) = − 2(λ2
1 − λ2

2)

2λ1 cosh2

(√
λ2

1 − λ2
2θ/ε

)
− (λ1 − λ2)

(31)

for the case(23), where in both cases:

θ = x− λ2t (32)
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and

h(x, t) = u(x, t)(λ2 − 1
2(u(x, t)))+ λ2

1. (33)

The values of the velocityus(0,0) and heighths(0,0) at the center of soliton are equal to

us(0,0) = 2(λ1 + λ2), hs(0,0) = −λ1(2λ2 + λ1), −λ1 ≤ λ2 ≤ −1
2(λ1) (34)

for the solution(22), and

us(0,0) = −2(λ1 − λ2), hs(0,0) = λ1(2λ2 − λ1),
1
2(λ1) ≤ λ2 ≤ λ1 (35)

for the solution(23). The inequalities indicated in these formulas follow fromEqs. (15) and (29)and the condition
thaths(0,0) > 0. Hence, the solution(22) with negative values ofλ2 describes solitons moving in the negative
direction of thex axis, and the solution(23) with positive values ofλ2 describes solitons moving in the positive
direction. Since in this caseλ2 is equal byEq. (32)to the velocity of solitons, formula(28) gives actually the
distribution function of velocities of solitons well separated from each other at the asymptotic stage of evolution. At
this stage, we can neglect the ‘initial positions’ of solitons and take the coordinate of henth soliton at the moment
t equal to

x = λ
(n)
2 · t, (36)

whereλ(n)2 is thenth eigenvalue determined byEq. (25). Then the number of solitons in the interval(x, x+ dx) is
given by

dn =
(

1

t

)
f
(x
t

)
dx, (37)

wheref(λ) is defined byEq. (28).
For numerical simulation, we choose the initial distribution of the heighth0(x) in the form:

h0(x) = 2 − 1

cosh2(0.2x)
(38)

and the initial distribution ofu0(x) as either

u0(x) = 0 (39a)

or

u0(x) = − 0.3

cosh2(0.2x)
. (39b)

The parameterε controlling the dispersion effects is chosen equal asε = 0.3. In Fig. 1, the plots of Riemann
invariants(26) are shown for(39b)nonzero initial velocitiesu0(x). The possible values ofλ are located inside the
intervals:

r−min < λ < r−max, r+min < λ < r+max. (40)

They must satisfy the quantization rule(25)which selects contoursH(p, x) = const. = λ2 in the phase plane(x, p).
These contours corresponding to even values ofn are depicted inFig. 2for (39b)with nonzero initial velocity and
λ > 0. The dependence ofn on |λ| is shown inFig. 3. In (39a)with u0(x) = 0, the functionn(λ) is even and the
branches withλ > 0 andλ < 0 coincide with each other. In(39b)with nonzerou0(x), the number of eigenvalues
with positiveλ is greater than that with negativeλ. This means that the number of solitons moving in the positive
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Fig. 1. Plots of initial Riemann invariantsr± (seeEq. (26)) as functions ofx for h0(x) andu0(x) given byEqs. (38) and (39b). The turning points
x± corresponding to the eigenvalueλ = 1.2 are shown. The possible values ofλ are given byEq. (40).
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Fig. 2. ContoursH(p, x) = const. = λ2 in the phase plane(x, p) of the mechanical system described by Hamiltonian(27)with h0(x) andu0(x)

given byEqs. (38) and (39b)and for values ofλ determined by the quantization rule(25)with evenn.
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Fig. 4. Soliton trains obtained by numerical solution of the Kaup–Boussinesq system(1) with ε = 0.3 and initial conditions(38) and (39a)with
zero initial velocity. Asymptotic distributions of velocity (a) and height (b) are shown as functions of space coordinatex at the momentt = 100.

direction is greater than the number of solitons moving in the negative direction for our choice ofu0(x). The soliton
trains arising from the initial pulse are located at the momentt in the intervals:

r−mint < x < r−maxt, r+mint < x < r+maxt. (41)

We have solved the Kaup–Boussinesq system(1) with the initial conditions(38)–(39b)numerically and the results
are shown inFig. 4 for (39a)with zerou0(x) and inFig. 5 for nonzerou0(x). As one can see, the results are
in excellent agreement with the predicted intervals. The amplitudes of the deepest solitons in the trains are also
close to the theoretical values calculated according toEqs. (34) and (35). To make a comparison of the theory with
numerical results clearer, we have calculated velocities of those solitons in the trains, which are well separated
from each other, and according toEq. (32)have taken these velocities as values ofλ2 calculated numerically. In
Tables 1 and 2, the values are given ofλ2 ≡ λBS calculated from the Bohr–Sommerfeld quantization rule(25)and
of λ2 ≡ λsimulationcalculated from velocities of the soliton trains.Table 1corresponds to zero initial velocity (only
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Fig. 5. Soliton trains obtained by numerical solution of the Kaup–Boussinesq system(1) with ε = 0.3 and initial conditions(38) and (39b)
with nonzero initial velocity. Asymptotic distributions of velocity (a) and height (b) are shown as functions of space coordinatex at the moment
t = 75.
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Table 1
Eigenvalues foru0(x) = 0

n λBS λsimulation

0 1.029 1.006
1 1.083 1.065
2 1.130 1.118
3 1.173 1.165
4 1.211 1.207
5 1.245 1.247
6 1.276 1.282
7 1.303 1.314
8 1.326 1.345
9 1.347 1.373

10 1.365
11 1.380
12 1.392
13 1.401
14 1.408
15 1.413

positive values ofλ are presented) andTable 2to nonzero initial velocity. The agreement between the two methods
of calculation is quite good. The difference does not exceed 3% and is maximal at very smalln, where the accuracy
of the quasiclassical calculation of the eigenvalues cannot generally speaking be extremely high, and at largen,
where a numerical estimate has poor accuracy because solitons here are not separated well enough from each other
and their motion does not obey the formula(32)yet.

Table 2
Eigenvalues foru0(x) = −0.3/ cosh2(0.2x)

n Positive eigenvalues Negative eigenvalues

λBS λsimulation λBS λsimulation

0 0.883 0.850 −1.174 −1.147
1 0.945 0.917 −1.232 −1.196
2 1.001 0.978 −1.255 −1.242
3 1.052 1.034 −1.288 −1.283
4 1.098 1.085 −1.316 −1.319
5 1.141 1.132 −1.340 −1.353
6 1.179 1.176 −1.360
7 1.214 1.217 −1.376
8 1.246 1.256 −1.390
9 1.275 1.290 −1.400

10 1.301 1.325 −1.408
11 1.324 1.356 −1.412
12 1.344
13 1.362
14 1.377
15 1.389
16 1.399
17 1.406
18 1.412
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4. Conclusions

The quasiclassical approach to calculation of the eigenvalues of the problem(3) with an ‘energy-dependent’
potential yields a simple and effective description of the asymptotic stage of evolution of an initially large and
smooth pulse in the weak dispersion limit. One may hope that this approach can be generalized to other classes of
evolutional equations.
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